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Abstract 

In this paper we show that the number of generators of the cotangent cohomology groups 
Ty, n > 2, is the same for all rational surface singularities Y. For a large class of rational 
surface singularities, including quotient singularities, this number is also the dimension. For 
them we obtain an explicit formula for the Poincare series Py(t) = }] dim T Y ■ t n . In the 
special case of the cone over the rational normal curve we give the multigraded Poincare 
series. 

1. Introduction 

The cotangent cohomology groups T™ with small n play an important role in the deformation 
theory of singularities: T 1 classifies infinitesimal deformations and the obstructions land in T 2 . 
Originally constructed ad hoc, the correct way to obtain these groups is as the cohomology of the 
cotangent complex. This yields also higher T™, which no longer have a direct meaning in terms of 
deformations. 

In this paper we study these higher cohomology groups Ty for rational surface singularities Y. 
For a large class of rational surface singularities, including quotient s ingu larities, we obtain their 
dimension. For an explicit formula for the Poincare series Py(t), see (|5.3| ). 

Our methods are a combination of the following three items: 

(1) We use the hyperplane section machinery of [Behnke-Christophersen] to move freely between 
surface singularities, partition curves, and fat points. It suffices to compute the cohomology 
groups Ty for special singularities, to obtain the number of generators for all rational surface 
singularities. 

(2) In many cases, cotangent cohomology may be obtained via Harrison cohomology, which is 
much easier to handle. Using a Noether normalisation the Harrison complex gets linear over 
a bigger ring than just (E (which is our ground field). 

(3) Taking for Y a cone over a rational normal curve, we may use the explicit description of Ty 
obtained in [Altmann-Sletsj0e] by toric methods. 

The descriptions in (2) and (3) complement each other and show that Ty of the cone over the 
rational normal curve is concentrated in degree —n. This allows us to compute the dimension as 
Eulcr characteristic. 

The paper is organised as follows. After recalling the definitions of cotangent and Harrison coho- 
mology we review its computation for the case of the fat point of minimal multiplicity and give the 
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explicit formula for its Poincare series (we are indebted to Duco van Straten and Ragnar Buchweitz 
for help on this point). 

Section 3 describes the applications of Noether normalisation to the computation of Harrison co- 
homology. The main result is the degree bound for the cotangent cohomology of Cohen-Macaulay 



singularities of minimal multiplicity from below, cf. Corollary (3.4)(2). 

In the next section toric methods are used to deal with the cone over the rational normal curve. 
In this special case we can bound the degree of the cohomology groups from above, too. As a 
consequence, we obtain complete information about the Poincare series. 

Finally, using these results as input for the hyperplane machinery we find in the last section the 
Poincare series for the partition curves and obtain that their T n is annihilated by the maximal 
ideal. This then implies that the number of generators of Ty is the same for all rational surface 
singularities. 

Notation: We would like to give the following guide line concerning the notation for Poincare 
series. The symbol Q denotes those series involving Harrison cohomology of the actual space or 
ring with values in (Z 1 , while P always points to the usual cotangent cohomology of the space itself. 
Moreover, if these letters come with a tilde, then a finer grading than the usual ^-grading is 
involved. 



2. Cotangent cohomology and Harrison cohomology 

(2.1) Let A be a commutative algebra of essentially finite type over a base-ring S. For any 
j4-module M, one gets the Andre-Quillen or cotangent cohomology groups as 

T n (A/S,M) := H n (Rom A (Lt /S ,M)) 

A/S 

with _ZL* being the so-called cotangent complex. We are going to recall the major properties of 
this cohomology theory. For the details, including the definition of IL^ S , see [Today] . 

If A is a smooth ^-algebra, then T n (A/S, M) = for n > 1 and all ^4-modules M. For general A, a 
short exact sequence of j4-modules gives a long exact sequence in cotangent cohomology. Moreover, 
the Zariski-Jacobi sequence takes care of ring homomorphisms S — > A — > B\ for a -B-module M it 
looks like 

> T n (B/A, M) — > T n {B/S, M) — > T n {A/S, M) — > T n+1 {B/A, M) — ► • • ■ 

The cotangent cohomology behaves well under base change. Given a co-cartesian diagram 

4 

s 

with </> flat, and an ^'-module M' , there is a natural isomorphism 

T n (A'/S', M') = T n (A/S, M') . 
If, moreover, S' is a flat 5-module, then for any ^4-module M 

T n {A'/S', M ® s S') S T n (A/S, M) ® s S' . 
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(2.2) To describe Harrison cohomology, we first recall Hochschild cohomology. While this con- 
cept works also for non-commutative unital algebras, we assume here the same setting as before. 
For an A-module M, we consider the complex 

C n (A/S, M) := Horns (A® n , M) 

with differential 

(5f)(a , . . .,a n ) := 

n 

a /(oi, ...,a n ) + ^(-l)V(ao, • • ■ . .. ,a„) + (-l)" +1 a„/(a , . . .,fl„_i) . 

Hochschild cohomology HH n (A/S, M) is the cohomology of this complex, ft can also be computed 
from the so-called reduced subcomplex C (A/S,M) consisting only of those maps f:A® n — > A'/ 
that vanish whenever at least one of the arguments equals 1. 

Definition: A permutation a G S n is called a (p, n — p)-shuffle if <t(1) < . . . < a(p) and a(p+l) < 
. . . < a(n). Moreover, in the group algebra Z[S n ] we define the elements 

n-l 

s\,n-p ■= ^2 sgn(cr) a and sh := ^ sh Pi „_ p . 

(p, n — p)-shuffles P =1 

The latter element sh e Z[S n ] gives rise to the so-called shuffle invariant subcomplexes 

C" h (A/S*,M) := {/ G Hom s (A®",M) | /(sh(a)) = for every a e A®"} C C"(A/S*,M) 

and C™ h (A/S, M) C C"(A/S, M) defined in the same manner. Both complexes yield the same 
cohomology, which is called Harrison cohomology: 

Harr"(A/5, M) := ^(C^A/S, M)) - i?" (C* h (A/ S, M)) . 

(2.3) The following well known result compares the cohomology theories defined so far. Good 
references are [Loday] or [Palamodov]. 

Theorem: If Q C S, then Harrison cohomology is a direct summand of Hochschild cohomology. 
Moreover, if A is a flat S -module, then 

T n (A/S, M) = Harr" +1 (A/5, M) . 

(2.4) As an example, we consider the fat point Z m (m > 2) with minimal multiplicity d = m+ 1. 
Let V be an m-dimcnsional (T-vector space and let A = Oz m be the ring (F © V with trivial 
multiplication V 2 = 0. First we compute the Hochschild cohomology HH'(A/(F, A). The reduced 
complex is 

C n (A/(V, A) = Hom ffi (V® n , A) . 
Because ab = G A for all a, b e V, the differential reduces to 

(Sf)(a Q , ...,a n )= a a f(a 1 , ...,a n ) + {-l) n+1 a n f(a , . . .,fl n _i) . 

We conclude that 5f = if and only if im / C V; hence 

HH n (A/(F, A) = Horn {V® n , V) / 5 Horn {V® {n - 1] , (E) . 
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On the complex (E) = Hom ff {V® n , <H) the differential is trivial, so Horn (y® n , <H) = 

HH n (A/(F, (U). We finally obtain 

HH n (A/(F, A) = HH n (A/(F,W)<E)V/s, HH n ~ 1 {A/W, W) , 

where the map <5* is injective. For the Harrison cohomology, one has to add again the condition of 
shuffle invariance: 

Harr"(A/ff,A) = U&rr n (A/(F , (F) ® V / 8* Harr"~ 1 (^4/(F, (U) . 

Proposition: ([Schlessinger-Stasheff]) Identifying the Hochschild cohomology HH'(A/W,(F) with 
the tensor algebra TV* on the dual vector space V* , the Harrison cohomology Harr*(^4/(F, (B) C 
TV* consists of the primitive elements in TV* . They form a free graded Lie algebra L on V* with 
V* sitting in degree —1. 

Proof: The tensor algebra TV* is a Hopf algebra with comultiplication 

A(zi <8> • • • ® x n ) := ^ E s g n ( CT ) OMi) ® • • • ® x a{p) ) <g> (x ct(p+ i) ® • • • <g> x a(n) ) . 

P (p,n— p) — shuffics <j 

It is the dual of the Hopf algebra T C V with shuffle multiplication 

(vi <g> ■ ■ ■ <8> v p ) * (v p+1 <8> • • • ® u n ) = ^ sgn(cr) • v a{1 ) ® ■ ■ ■ ® v a ( n ) . 

(p,n— p)— shuffics a 

In particular, for any / G TV* and a, b e T C V one has (A/) (a, 6) = f(a*b). Hence, the condition 
that / vanishes on shuffles is equivalent to A/ = + i.e. to / being primitive in TV*. □ 

The dimension of Ka,rr n (A/(F,(I) follows now from the dimension of the space of homogeneous 
elements in the free Lie algebra, which was first computed in the graded case in [Ree]. 

Lemma: dimo: Harr™(A/(Z', (F) = - J2d\n(~ m ^ with t 1 denoting the Mobius function. 

Proof: In the free Lie algebra Ion V*, we choose an ordered basis pi of the even degree homoge- 
neous parts L 2 . as well as an ordered basis qi of the odd degree ones. Since TV* is the universal 
enveloping algebra of L, a basis for TV* is given by the elements of the formp^ 1 ^ 2 1 1 'Pk'Qi 1 • ■ 1 if 1 
with r, > and Si — 0, 1. In particular, if c„ := diml_„, then the Poincare series of the tensor 
algebra 

V dimT n V* ■ t n = V m n f = — - — 
^ ^ 1-mt 

n n 

may be alternatively described as 

n {i+t n +t 2n +-- .) c " n ( j + *") cn ■ 

n even n odd 

Replacing i by — i and taking logarithms, the comparison of both expressions yields 

-log(l + mt) = - c„log(l-t")+ ^ c n log(l-f l ) = -^(-l)"c n log(l-f l ). 

n even n odd n 

Hence 



E^-^^Et- 1 )^^ 



and by comparing the coefficients we find 

(-m) n = ^(-l) d dc d . 

Now the result follows via Mobius inversion. □ 
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We collect the dimensions in the Poincare series 



) Zm (t) : = J? dim Harr"((T © U/ff, ff) • * n = ^ c„^' 

ra>l n>l 



3. Harrison cohomology via Noether normalisation 

(3.1) Let Y be a Cohen-Macaulay singularity of dimension N and multiplicity d; denote by A 
its local ring. Choosing a Noether normalisation, i.e. a flat map Y -> ff^ of de gree d, provides 
a regular local ring P of dimension N and a homomorphism P — > A turning A into a free P- 
module of rank d. Strictly speaking, this might only be possible after passing to an etale covering. 
Alternatively one can work in the analytic category, see [Palamodov] for the definition of analytic 
Harrison cohomology. 

Proposition: Let A be a free P-module as above. If M is any A-module, then T n (A/d,M) = 
T n (A/P,M) for n>2. Moreover, the latter equals Karr n+1 (A/P, M). 



Proof: The Zariski-Jacobi sequence from (2.1) for (E — » P — » A reads 

► T n {A/P, M) — > T n (A/(F, M) — ► T"(P/(T, M) — > T n+1 (A/P, M) — > ■■■ 

As P is regular, we have T n ( P/ (U , M) = for n > 1 for all P- modules. On the other hand, since 



A is fiat over P, we may use (2.3). □ 



(3.2) A rational surface singularity has minimal multiplicity, in the sense that embdimY" = 
mult Y + dimy — 1. In this situation we may choose coordinates {z\, . . . , Zd+i) such that the 
projection on the (zd, z<j+i)-plane is a Noether normalisation. Using the above language, this 
means that P = W[zd, Zd+i\( ZdyZd+1 ), and {1, z\, . . . , z^-i} provides a basis of A as a P-module. 

More generally, for a Cohen-Macaulay singularity of minimal multiplicity we may take coordinates 
(zi, . . . , Zd+N-i) such that projection on the last TV coordinates (zd, ■ ■ • , Zd+N—i) is a Noether 
normalisation. 

Lemma: m 2 A C m p ■ m A and (m p ■ m A ) (~l P C mp . 

Proof: Every product z%Zj € m A may be decomposed as ZiZj = po + ^2t=iP vZv with some p v G P. 
Since {zi, . . . , Zd+N-i} is a basis of nkA/m.i we obtain po G W?p ancl Pv G m P for v > 1. The 
second inclusion follows from the fact that z\, . . . , Zd-i G A are linearly independent over P. □ 

Proposition: For a Cohen-Macaulay singularity of minimal multiplicity d one has for n > 1 
T n (A/(U, (F) = T n {A/P,(E) =T n {(F®V/(F,(F) with V ■■^^ A / mp A being the (d - 1)- dimensional 
vector space spanned by z±, . . . , Zd-i- 



Proof: The equality T n (A/(F, <U) = T n (A/P, (E) was already the subject of Proposition (gj) with 
M := (F; it remains to treat the missing case of n — 1. Using again the Zariski-Jacobi sequence, 
we have to show that T°(A/(F, (F) — » T°(P/(U, (U) is surjective. However, since this map is dual to 
the homomorphism ELp / m 2 — > —A I rrA > w bich is injective by the lemma above, we are done. 



The second equality T n (A/P, (F) = T n {<X © V/W, W) follows by base change, cf. (|2.l|): 

A — > (F®V 

flat 

P ► (F □ 
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(3.3) The previous proposition reduces the cotangent cohomology with (^-coefficients of rational 
surface singularities of multiplicity d to that of the fat point Z m with m = d— 1, discussed in (2.4). 

Example: Denote by Y d the cone over the rational normal curve of degree d. It may be described 
by the equations encoded in the condition 

rank [ Z ° Zl -' Zd 2 * d 1 I 1 . 



Zl z 2 ... Z d -1 z d 

As Noether normalisation we take the projection on the (zq, z^-plane. With degz^ :— [i, 1] e Zl 2 , 
the local ring Ad of Yd admits a ^ 2 -grading. We would like to show how this grading affects 
the modules T'(A d /(E, (F) = T'((F © V/(F, (F) (excluding T°), i.e. we are going to determine the 
dimensions dimT'((T © V/(F, (F)(-R) for R e Zt 2 . 
We know that for every n 

T" _1 ((T © V/ff, ®){-R) = Harr"((T © V/<F, (F)(-R) C T n l/*(-i?) = 

unless n = ht(i?), where ht(i?) := i?2 denotes the part carrying the standard ^-grading. Hence, 
we just need to calculate the numbers 

c R := dim Harr ht ^((Z? © V/(F, (F)(-R) 

and can proceed as in the proof of Proposition ( |2.4| ) . Via the formal power series 

dim T U ( R W*(-R) ■ x R e (F[\Z 2 \\ 

we obtain the equation 

- log (1 + x^ +■■■ + x^ 1 !) = - (-l) ht(R) c R ■ log(l - x R ) . 

REl 2 

In particular, if ht(i?) = n, then the coefficient of x R in 



(-l)«( a; M] + ... + : r[ d - 1 ' 1 ]) "=(-!)" ( 



xMl - I 



equals S.R'|ii( — l)* 1 *^ ' ht(R') ■ cr>. Again, we have to use Mobius inversion to obtain an explicit 
formula for the dimensions cr. 

Remarks: 

(1) The multigraded Poincare series 

:= J2 dim Harr ht(J?) ((Tffil//(r,(r)(-i?) ■ x R = ^c R x R 
Rez 2 R 

is contained in the completion of the semigroup ring (F[Zi>o [1, 1] + Zi>o [d — 1, 1]] . 

(2) The cohomology groups Harr™ (Ad / (F , (F)(—R) vanish unless n = ht(i?), even for n = 1. The 
corresponding Poincare series Qy d (x) equals Qz d ^ 1 (x) + a^ 0,1 ' + x^' 1 '. The two additional 
terms arise from Harr 1 (P/(Z', (F) = T°(P/(F, (F) in the exact sequence of (3.1). 

(3.4) Let Y be a Cohen-Macaulay singularity of minimal multiplicity d > 3. 
Lemma: The natural map T n (A/P,A) — > T n (A/P, (F) is the zero map. 
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Proof: We compute T n (A/ P, .) with the reduced Harrison com plex which sits in the reduced 
Hochschild complex. Using the notation of the beginning of (|3.2|) , a reduced Hochschild (n + 1)- 
cocycle / is, by P-linearity, determined by its values on the (n + l)-tuples of the coordinates zi, 
. . . , Zd-i- Suppose f(zi , . . . ,Zi n ) £ m A . Since d > 3, we may choose a Zk with k G {1, . . . , d — 1} 
and k ^ iq. Hence 

= ( S f)( z i > ■■■, z i„, z k) = Zi f(Zh,- ■ • ,2k) ± /(^o> ' ■ ' > Z iJ Z k 

+ terms containing products ZiZj as arguments . 



Since m A C m P ■rn A by Lemma (3.2), we may again apply P-linearity to see that the latter terms 
are contained in m P ■ A. Hence, modulo m P — m P + m A , these terms vanish, but the resulting 
equation inside V — ULa/ ' m P A contradicts the fact that z io and z k are linearly independent. □ 

Corollary: 

(1) The map T n (A/ P, m A ) —* T n (A/ P, A) is surjective. In particular, every element of the group 
T n (A/P,A) may be represented by a cocycle — > m A . 

(2) If P — > A is /Z-graded with deg z% = 1 for every i (such as for the cone over the rational 
normal curve presented in Example ( |3.3| )), then T n (A/ P, A) sits in degree > —n. 



4. The cone over the rational normal curve 



(4.1) Let Yd be the cone over the rational normal curve of degree d > 3. In Example ( |3.3| ) we have 
calculated the multigraded Poincare series Qy d (x) = Efldim Harr ht(i?) (Aj/(T, W)(-R) ■ x R . The 
usual Poincare series Qy d (t) = J2 n >i dim Harr™ (Ad / (E ', d) ■ t n is related to it via the substitution 

The goal of the present section is to obtain information about 

Pr d (t) ■= E dim T n (A d /(F,A d )(-R) ■ t n 

n>l 

or its multi graded version 

P Yd (x,t)~Y. E dimT n (A d /(H,A d )(-R)-x R t n e ff[|^ 2 |][|t|] . 

n>l Re% 2 

The first series may be obtained from the latter by substituting 1 for all monomials x R , i.e. Py d (f) = 

(4.2) In [Altmann-Sletsj0e], Proposition (5.2), combinatorial formulas have been obtained for 
the dimension of the vector spaces T n (—R) := T n (Ad/(P,Ad)(—R). The point is that Yd equals 
the affine toric variety Y a with a the plane polyhedral cone 

a := M> Q ■ (1, 0) + M> ■ (-1, d) = {(x, y) G K 2 | y > ; rfa; + y > 0} C M 2 . 

The lattice containing the multidegrees R may be identified with the dual of the lattice Zi 2 inside 
M 2 , and the results of [Altmann-Sletsj0e] for this special cone may be described as follows: 

(0) T°(—R) is two-dimensional if R < on a. It has dimension 1 if R is still non-positive on one 
of the cr-generators (1,0) or (— l,d), but yields exactly 1 at the other one. T°(—R) vanishes 
in every other case. 



7 



(1) T 1 (— R) is one-dimensional for R — [1,1] and R = [d — 1,1]; it is two-dimensional for the 
degrees in between, i.e. for R = [2, 1], . . . , [d — 2, 1]. Altogether this means that dimT 1 = 
2d -4. 

(2) The vector space T 2 lives exclusively in the degrees of height two. More detailed, we have 

( k - 2 for R = [k, 2] with 2 < fc < d - 1 
dim T 2 (-R) = < d-3 for R=[d, 2] 

[ 2d - fc - 2 for .R = [fc, 2] with d+l<k<2d-2. 

To formulate the result for the higher cohomology groups, we need some additional notation. If 
R e Z5 2 , then let Kr be the finite set 

K R := {r £ ^ 2 \ {0} | r > on cr, but r < i? on a \ {0}} . 
Every such set K C ffl 2 gives rise to a complex C* (K) with 

C n (i^) := {(Ai, . . . , A„) e iT™ | J^^A,, eK}^(T p is shuffle invariant} , 
equipped with the modified, inhomogeneous Hochschild differential d:C n (K) — > C" +1 (i4T) given 

by 

(d</j)(A , • • . ,A„) := 

^(Ai, . . . , A„) + ^(-1)>(A , . . . , A„_x + X v ,...,X n ) + (-l) n+ V(A 0) • • ■ , A„_i) . 

Denoting the cohomology of C* (K) by iiL4* (if) , we may complete our list with the last point 

(3) T n (—R) = HA n - l (K B ) for n > 3. 

Remark: The explicit description of T 2 (—R) does almost fit into the general context of n > 3. 
The correct formula is T 2 (-i?) = ^4 1 (^)/(span a ,A^)*. 

(4.3) The previous results on T n (—R) have two important consequences. Let A := {R 6 
Z 2 \R>{) on cr}, A+ := A \ {0} and int A := {R E Z 2 \ R > on a \ {0}}. 

Proposition: Let n > 1. 

(1) T"(— i?) = unless R is strictly positive on a \ {0}, i.e. unless R G A+. 

(2) T n (—R) = unless ht(i?) = n. In particular, T n is killed by the maximal ideal of Ad- 
Proof: (1) If R is not positive on a \ {0}, then Kr = 0. 

(2) If n- 1 > ht(R), then C'^^A^) = for trivial reasons. Hence T" sits in degree < (-n). But 
this is exactly the opposite inequality from Corollary (|3.4|)(2). □ 

In particular, we may shorten our Poincare series to 

PrA*)--= Yl &™T ht( - R \A d /(F,A d )(-R)-x R eA d = (Fl\A\]c(Fl\Z 2 \}. 

ht(_R)>l 

We obtain Py d (t) from Py d (x) via the substitution x R h- ► t ht ( fl ). 
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(4.4) Lemma: 

(1) Let Re with ht(R) > 3. Then 

dim T ht ( R) (-R) = (-l) ht(r)_1 dim Harr llt(it) - ht(r) (A d /ff, <P)(r - fl) 

rGintA, R— rGA + 

+ (-l)*^- 1 dim HA 1 (K R ) . 

(2) For R E ^ 2 wi£/i ht(i?) = 1 or 2, the right hand side of the above formula always yields zero. 

Proof: (1) The vanishing of Tf(-R) for n + ht(R) together with the equality T$(-R) = 
HA n ~ 1 (Kft) for n > 3 implies that the complex C'(Kr) is exact up to the first and the (ht(iZ) — 1)- 
th place. In particular, we obtain 

dim T U W(-R) = ^(-l) ht ( fl 5-i+»dim C n (K R ) + (-l) ht ^-i dim HA 1 (Kr) 

n>l 

where the sum is a finite one because C- ht ^ (Kr) = 0. Now the trick is to replace the differential 
of the inhomogeneous complex C'(Kr) by its homogeneous part d 1 : C n (KR) — > C u+1 (Kr) defined 
as 

n 

(d'(p)(X , A n ) := ^(-l)"^(Ao, . . . , A„_i + A„, . . . , A„) . 

v=l 

Then (C'(Kr), d') splits into a direct sum (B r eK R V'(~ r) with 

V n (-r) := {(Ai, . . . , A„) 6 A£ | J2v X v = r} -> <X <p is shuffle invariantj . 

On the other hand, since A^ = (F[A], we recognise this exactly as the reduced complex computing 
Harr*(yl d /(F,(ZO(-r). Hence, 

dim T ht(R) (-R) = (-l) ht{R) - 1+n dim Harr n (A rf /(T, <F)(-r) + (-l)***)- 1 dim HA X {K R ). 

n>l, r£K R 

Finally, we replace r by R — r and recall that Harr™ (Ad / W , (E)(—r) = unless n = ht(r). 

(2) If ht(i?) = 2, then the right hand side equals #Kr — #Kr — 0. If ht(R) = 1, then no summand 
at all survives. □ 

(4.5) Let F(x) := Y? v =\ x [v ' 1] - x^ = ^u.ou'i ~ x[d ' 2] - Usin g thc Poincare series Q Yi ( x ) of 



(3.3), we obtain the following formula: 



Theorem: The multigraded Poincare series of the cone over the rational normal curve of degree 
d equals 

~ F(x)-(Q Yd (x) + 2) gtMl ^-Ml 

Yd { ' (zl°>i] + l) ( x [d,i] + 1) a;[o.i] + 1 + 1 ' 



Proof: The previous lemma implies that 

K -xj - uuu (x\rj ■ x R 

ht(fl)=l,2 -ReA 4 



Pr d ( x ) = Y. dim Tht[R) (-R) ■ xR + Y. (-l) ht(jR)_1 dim HA 1 (Kr) ■ ., 



(-l)^)" 1 dim Harr ht( ' R - r) (A d /W, (E)(r - R) ■ x R . 



-RGA+ 
rGintA, R—rEA+ 
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Using the description of T 1 (— R) and T 2 {— R) from (4.2), including the remark at the very end, 
we obtain for the first two summands 

d-l 

R 



{i^^-x^-x^- 1 -^) + £ (-ir^-'dimspan^) 
which is equal to 



x 

v=l ' B,£A + 



flSintA k>l k>l 



fe [JW-l,k] 



The third summand in the above formula for Py d {x) may be approached by summing over r first. 
Then, substituting s := R — r 6 A+ and splitting x R into the product x r ■ x s , we see that this 
summand is nothing else than 



(E M) ht(r) -V).Q^). 

reintA 

In particular, we obtain 

*V„(*) = (£ (-l) ht ^' 1 x R )-(Q Yd (x) + 2) + E(-l)^ fc ] + £(-1)^-^1. 

_R£intA fc>l fc>l 

Finally, we should calculate the infinite sums. The latter two are geometric series; they yield 
_ a .[i,iy ^ x [0,i] _|_ an d —x^ d ~ 1 < 1 i^x^ d " 1 ^ + l), respectively. With the first sum we proceed as 
follows: 

£ a (-i)"«>-V = -E^ffiH*^ 

= - Efc>i(-l)*a; [1,fcl - l)/(xM - 1) 

= -(E fc >!(-i) fc ^ fcl -E^C-i)^)/^ 1 ' 01 - 1 ) 

= (x^/(l + x^) - ^/(l + x^)) /fx™ - l) 

= + /((^ + l)(xlb°] - l^IM + l)) 

□ 

(4.6) As example we determine the ht = 3 part of Py d (x). We need the first terms of Qz d -i (x). 
By the ht = 1 part is just x' 1 ' 1 ' + • • • + x^" 1,1 ! , whereas the ht = 2 part is 



-((r^ + • ■ • + r^- 1 ^) 2 - Crl 2 ' 2 ! + t' 4 ' 2 ' + ■ • • 4- T [2(d-i),2M _ -x^)(x^ - x^) 

+ +x ) \x +x + +x ))- ( a .[l,0]_ 1 )2( a .[l,0] + 1 ) 

Inserting this in the formula for Py d (x) we finally find the grading of T Yd ■ 

_ x [l,l]^ x [d-l,l] _ x [2,l])( x [d-2,l] _ x [2,l]) 

( x [l,0] _ l)2( x [2,0] _ X ) • 

For even <i we get the symmetric formula 

(x^ + - ■ ■ + x^ d - 1 ^)(x^ W 3 ' 1] +- •• W d " 3 ' 1] W^X^ 2 ' 11 +^ 1 l + ... + I l d -«l+^ 1 l) 
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(4.7) Applying the ring homomorphism x R i— > £ ht (-R) to the formula of Theorem ( |4.5| ) yields: 
Corollary: The ordinary Poincare series Py d (t) of the cone over the rational normal curve equals 

(d-l)t-t 2 It 



(< + l) 2 t+1 



5. Hyperplane sections 

Choosing a Noether normalisation of an TV-dimensional singularity Y means writing Y as total 
space of an iV-parameter family. In this situation we have compared the cohomology of Y with 
that of the O-dimensional special fibre. Cutting down the dimension step by step leads to the 
comparison of the cohomology of a singularity and its hyperplane section. 

(5.1) First we recall the main points from [Bchnkc-Christophersen] . Let /: Y — » W be a flat 
map such that both Y and the special fibre H have isolated singularities. By T Y and Tg we simply 
denote the cotangent cohomology T n (0 Y /@, O y ) and T n (0 H /(F, O h ), respectively. 

Main Lemma: ([Behnke-Christophersen], (1.3)) There is a long exact sequence 

f~p\ _ . rj-j'2 ' f , rrj2 rp2 _ rp3 ' f ^ rp3 _ 

1 H > ± Y ' ±y ' 1 H ' 1 Y y 1 Y > ■ • • • 

Moreover, dim T Y j j . y2 = th — &h,y with th '■= dim T^ and eu,Y denoting the dimension of 
the smoothing component containing f inside the versal base space of H . 

This lemma will be an important tool for the comparison of the Poincare series P Y (t) and Ph (t) 
of Y and H, respectively. However, since we are not only interested in the dimension, but also in 
the number of generators of the cohomology groups, we introduce the following notation. If M is 
a module over a local ring (A, m 4), then 

cg(Af) := dima; M / mA M 

is the number of elements in a minimal generator set of M. By P Y 6 (t) and P^(t) we denote the 
Poincare series using "eg" instead of "dim". Similarly, r^ s := cg(T > 1 ). 

Proposition: 

(1) Assume that f ■ T$ = for n > 2. Then P H (t) = (1 + l/t) P Y (t) - Ty (t + 1) + e H ,yt. 

(2) // m H ■ T% = for n>2, then P^(t) = (1 + l/t) P Y g {t) ~ (t + 1) + (r c H g -t h + e H<Y ) t. 

Proof: In the first case the long exact sequence of the Main Lemma splits into short exact sequences 

— ► Ty — > T£ — > T^ +1 — > 

for n > 2. Moreover, the assumption that / annihilates T Y implies that &h,Y = t h ~ dim T Y . 
For the second part we follow the arguments of [Behnke-Christophersen], (5.1). The short se- 
quences have to be replaced by 

— ► ly/ f ■ Tp — * T^h — * ker [f:T? +1 -» T^ +1 ] — » . 

Since T Y +1 is finite-dimensional, the dimensions of ker [/: T Y +1 — ► Ty +1 ] and T Y j y jm are equal. 

Now, the claim follows from the fact that -T?/ j . y™ = / rn Y T Y : which is a direct consequence 
of the assumption m H ■ T]} = 0. □ 
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(5.2) We would like to apply the previous formulas to partition curves H{d\, . . . , d r ). They are 
defined as the wedge of the monomial curves H(di) described by the equations 



rank Zl " 2 - ^ Z \ < 1 
\zi z 3 ... z ch z{ ) 

([Behnke-Christophersen], 3.2). The point making partition curves so exciting is that they occur 
as the general hypersurface sections of rational surface singularities. Moreover, they sit right in 
between the cone over the rational normal curve and the fat point Z&_\ with d := d\ + . . . + d r . 

Theorem: Let H := H{d\, . . . , d r ) be a partition curve. For n > 2 the modules are annihilated 
by the maximal ideal m H . The corresponding Poincare series is 

P H (t) = d ~l~ t Qz d _At)+THt-{d-lft. 

Proof: We write Y := 3^ and Z := Zd-i- The idea is to compare -P.tr (i) and P^ s (i) which can be 
calculated from Py(t) and P^ e (t), respectively. Firstly, since myTy — for n > 1, we obtain from 



Proposition (tTWl) and Corollary (4.7) that 



P H {t) = {l + l/t)P Y {t)-T Y {t + l) + e H .yt 

= (Q Y (t) + 2) (d 1 - 2 - {2d - 4)(t + 1) + e H .y t 

= d J I f 1 Qz(t) - 2 1 (d - 1) + e H . Y t , 

where we used that Qy(t) = Qz(t) + 2 1. On the other hand, since m z T^ = for all n, we can 



use the second part of Proposition (5.1) to get 



P z (i) = Pf{t) = (l + l/ t )P^(t)-T c H s (t + l) + e z<H t. 



The calculations of ( [2.4|) give us Pz(t) explicitly: we have dimT^ = (d — l)c„+i — c n and dimT§ 
(d- l) 2 . Therefore 

Pz(t) = d ~ 1 ~ t Qz(t)-(d-l) 2 . 



Hence, 



Finally, we use that th — ch,y = (d— l)(d— 3) and cz,h — {d — l) 2 (sec [Behnke-Christophersen], 
(4.5) and (6.3.2) respectively). This implies the Pr (f)-formula of the theorem as well as 

P H {t)-P^{t) = {T H -T%)t. 

In particular, if n > 2, then the modules Tg have as dimension the number of generators, i.e. they 
are killed by the maximal ideal. □ 

Corollary: The number of generators ofT- 2 is the same for all rational surface singularities with 
fixed multiplicity d. 



Proof: Apply again Proposition (5.1) (2). □ 



(5.3) We have seen that dim T n — cgT" (n > 2) for the cone over the rational normal curve. 
This property holds for a larger class of singularities, including quotient singularities. 
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Theorem: Let Y be a rational surface singularity such that the projectivised tangent cone has only 
hypersurface singularities. Then the dimension of T n for n > 3 equals the number of generators. 

Proof: Under the assumptions of the theorem the tangent cone Y of Y has also finite-dimensional 
T", n > 2. With d := mult(F) we shall show that dim TIL = dim Ty d for n > 3. As Y is a 
deformation of its tangent cone Y, semi-continuity implies that dimT^J = dimT-JJ , which equals 
the number of generators of Ty. The advantage of working with Y is that it is a homogeneous 



singularity, so Corollary (3.4) (2) applies 



The general hyperplane section H of Y is in general a non-reduced curve. In fact, it is a wedge of 
curves described by the equations 

rank ( Zl " 2 " ' * Z *" 1 Z * I 1 



zi z 3 ... z d% 

which is the tangent cone to the curve H(di). The curve H is also a special section of the cone 
over the rational normal curve; to see this it suffices to take the cone over a suitable divisor of 
degree d on IP 1 . Applying the Main Lemma to H and Yd we obtain the short exact sequences 

— ► T" d — ► Ti — ► T" d +1 — > , 

which show that for n > 2 the dimension of T-g- is the same as that of a partition curve of multiplicity 

d. Moreover, as the module Ty d is concentrated in deg ree -n, T" d +1 in degree — (n+ 1) and the 
connecting homomorphism, being induced by a coboundary map, has degree —1, it follows that 
T_Ii is concentrated in degree —n. 

We now look again at H as hyperplane section of Y. The short exact sequence corresponding to 



the second one in the proof of Proposition (5.1), yields that ker [/: Ty +1 — ► T^i +1 ] is concentrated 
in degree — (n + 1) for n > 2. The part of highest degree in is contained in this kernel, as 

multiplication by / increases the degree. On the other hand, 3^+ 1 sits in degree > — (n + 1) by 
Corollary (3.4)(2). Therefore T— +1 is concentrated in degree > — (n + 1) and its dimension equals 



the number of generators, whicK is the same as for all rational surface singularities of multiplicity 
d. □ 



Note that we cannot conclude anything in the case n = 2 and in fact the result does not hold for 
the famous counterexample ([Behnkc Christophersen] 5.5). 

Corollary: For quotient singularities the dimension ofT n , n > 2, depends only on the multiplicity. 
In particular, the Poincare series is 



Proof: For n = 2 this is [Behnke-Christopherse n] , ( Theorem 5.1.1.(3)). If n > 3, then we use the 
previous theorem. In the formula of Corollary ( |4.7|) we have then only to introduce a correction 
term for r = dim T . □ 



13 



References 



Klaus Altmann and Arne B. Sletsj0e: Andre- Quillcn cohomology of monoid algebras. E-print alg- 
geom / 9611014; to appear in J. of Algebra. 

Kurt Behnke and Jan Arthur Christophersen: Hypersurface sections and obstructions (rational 
surface singularities). Compositio Math. 77 (1991), 233-268. 

Jean-Louis Loday: Cyclic Homology. Springer- Verlag, Berlin 1992. (Grundlehren der mathemati- 
schen Wissenschaften 301) 

V.P. Palamodov: Cohomology of analytic algebras. Trans. Mosc. Math. Soc. 1983, No. 2, 1-61; 
translation from Tr. Mosk. Mat. O.-va 44 (1982), 3-61. 

Rimhak Ree: Generalized Lie elements. Canad. J. Math. 12 (1960), 493-502. 

Michael Schlessinger and James Stasheff: The Lie algebra structure of tangent cohomology and 
deformation theory. J. Pure Appl. Alg. 38 (1985), 313-322. 



Klaus Altmann 

Institut fur reine Mathematik der 

Humboldt-Univorsitat zu Berlin 

Ziegelstr. 13A 

D- 10099 Berlin, Germany 

e-mail: altmann@mathematik.hu-berlin.de 



Jan Stevens 
Matematik 
Goteborgs universitet 
Chalmers tekniska hogskola 
SE-412 96 Goteborg, Sweden 
e-mail: stevens@math.chalmers.se 



14 



